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Abstract

This paper presents a comprehensive mathematical analysis of the Braess Paradox, ex-
tending it from deterministic traffic networks to stochastic queueing systems and production
networks. We begin with the classical four-node Braess network, demonstrating the paradox
through both deterministic formulations and an interactive simulation framework. The anal-
ysis progresses to G/G/n queueing models using Kingman’s VUT equation, deriving exact
conditions under which capacity additions degrade performance. We establish the connec-
tion between traffic networks and supply chain systems, showing they are mathematically
equivalent under Nash equilibrium conditions.

A major contribution is the development of a centralized Mixed-Integer Nonlinear Pro-
gramming (MINLP) optimization model that resolves the paradox through coordinated
decision-making. We implement two robust algorithms—Sequential Convex Programming
(SCP) and Interior Point Method with log-barrier functions—that both converge to the
optimal solution. Numerical results demonstrate 46.1% performance improvements over
decentralized Nash equilibrium solutions at baseline demand levels.

We further develop a fully functional interactive web-based simulation platform that
enables real-time exploration of the paradox across varying demand levels and implements
the MINLP optimization algorithms in JavaScript for browser-based execution.

Keywords: Braess Paradox, Queueing Networks, Supply Chain Management, Nash Equi-

librium, Production Systems, Kingman’s Formula, Network Optimization
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1 Introduction

In 1968, mathematician Dietrich Braess discovered a remarkable phenomenon that fundamen-
tally challenges our intuitions about network design: adding a new road to a congested
traffic network can paradoxically increase travel time for all users [1, 2|. This counter-
intuitive result, now known as the Braess Paradox, arises from the fundamental tension between
individual optimization and system-level performance in networks where users make selfish rout-
ing decisions.

The mathematical essence of this paradox lies in the divergence between Nash equilibrium
(where self-interested users optimize individually) and social optimum (where a central planner
minimizes total system cost) [37, 62]. Wardrop’s first principle characterizes user equilibrium
[3]: “The journey times on all routes actually used are equal and less than those which would
be experienced by a single vehicle on any unused route.” However, this equilibrium does not
minimize total travel time.

This article extends the Braess Paradox from deterministic traffic networks to stochastic
queueing systems [21, 22| and production networks, domains where variability, congestion, and
decentralized decision-making create similar counterintuitive phenomena. We provide rigorous
mathematical derivations showing how adding capacity can degrade performance through com-
plex interactions of utilization, variability, and network topology.

Recent research has demonstrated the universality of Braess-like paradoxes across diverse
domains: power grids experiencing overloads after transmission line upgrades [33|, communica-
tion networks where new channels increase congestion [34], supply chains where added capacity
creates bottleneck shifts |28, 25|, and other complex systems [32, 10].

Contributions of this work:

1. Deterministic analysis: Rigorous derivation of Nash equilibrium for the classical four-
node Braess network, quantifying the 11.4% performance degradation [4, 5]

2. Stochastic extension: G/G/n queueing analysis using Kingman’s VUT equation [13, 14],
showing 23-27% degradation at high utilization

3. Supply chain isomorphism: Mathematical proof that traffic and production networks
exhibit identical paradox mechanisms [25, 26]

4. MINLP optimization: Development of centralized optimization models with two inde-
pendent solution algorithms

5. 46% improvement: Numerical demonstration that coordinated control achieves sub-
stantial performance gains over Nash equilibrium

6. Interactive platform: Implementation of a browser-based simulation enabling real-time
exploration and optimization

2 The Classical Braess Paradox: Deterministic Traffic Network
Analysis

2.1 The Four-Node Network Model

We begin with the canonical Braess network consisting of four nodes {A, B, C, D} where traffic
flows from origin A to destination D [1, 2]. The network has four primary links:

e Link A — B: Travel time t4p(x) = 10 + = (variable segment)

e Link A — C: Travel time tac(z) = 45 + 0.1z (highway segment)



e Link B — D: Travel time tpp(x) = 45+ 0.1z (highway segment)
e Link C — D: Travel time tcp(z) = 10 + x (variable segment)

where = denotes the traffic flow (vehicles per hour) on that link. The variable segments
(A — B, C — D) represent city streets where congestion rapidly increases travel time. The
highway segments (A — C, B — D) have high capacity with minimal congestion |57, 56|.

Original Braess Network (Without Shortcut)
G/G/n Queueing Model - Initial Configuration

=== Origin (City A)

m== Intermediate Cities (B, C)
mm= Destination (City D)
I Natural Barrier

€twork Configuration:
Fop#cities: A (origin), B and C (intermediate), D (destination)
mvailable routes: A-B, A-C, B-D, C-D

ect connection between B and C (natural barrier)
pssible paths from A to D:

1. A + 8D (north route)

2. A = C =D (south route)

A-C
T=60, n=4, p=50

G/G/n Queueing Parameters:
+ T: Base tra

E§ minutes)
+ n: Number of parallel servers (lanes)
+ Wi Service rate (vehicles/hour per server)

Total time includes base time + queueing delay:
E[Time] = T + E[W q] (Kingman's VUT)

Figure 1: The four-node Braess network showing the initial configuration without shortcut.
Cities A (origin, green) and D (destination, red) are connected via two primary routes. Blue
indicates intermediate nodes B and C. The network illustrates the G/G/n queueing model with
base travel times (T), number of parallel servers (n), and service rates (u) for each link. A
natural barrier (mountains) prevents direct connection between B and C.

Scenario 1: Without Shortcut

Without a shortcut connecting B and C, vehicles choose between two routes:
e Route 1: A—- B — D
e Route 2: A—-C — D

At Nash equilibrium, used routes must have equal travel time [3, 54]. Let z; vehicles use
Route 1 and x2 use Route 2, with total demand r = z1 + xo.
Travel times:

T = tAB(xl) + tBD(.CEl) = (10 + 1‘1) + (45 + 01%1) =55+ 1.1z (1)
Ty =tac(ze) + top(x2) = (45 + 0.1x9) + (10 + z2) = 55 + 1.1z (2)

Equilibrium condition: 77 =T
This yields: 55+ 1.1x1 =55+ 1.1z = o1 = x9 = 1/2
For total demand r = 42 vehicles/hour:

e 11 = x9 = 21 vehicles/hour

e Equilibrium travel time: 7% = 55 + 1.1(21) = 78.1 minutes



Scenario 2: With Shortcut B — C
Now add a shortcut link:
e Link B — C: Travel time tpc(z) = 5+ 0.01z (fast connector)

This creates a third route option:

e Route 1: A—> B — D
e Route 2: A+ C — D
e Route 3: A — B — C — D (using the shortcut)

Braess Paradox Network with Travel Time Functions
Deterministic Traffic Flow Model

=== Origin (City A)

s Intermediate (Cities B, C)

W Destination (City D)
Shortcut (B-C)

Highway A2

Figure 2: Interactive simulation screenshot showing the four-node Braess network with animated
vehicle flows. Cities A (origin, green) and D (destination, red) are connected via two primary
routes. Blue indicates intermediate nodes B and C. The dashed orange line represents the
optional shortcut B — C. Animated vehicles (shown as dots or emojis) flow along routes
according to the current Nash equilibrium. The simulation allows dragging cities to adjust
network geometry and visualize how topology affects flow patterns.

Nash equilibrium analysis: Let z1, z9, x3 denote flows on the three routes [6, 7].
Traffic on each link:

e A — B carries 1 + 23
e A — C carries x9
e B — ( carries x3
e B — D carries

e (' — D carries xo + 23

Travel times:

T = (10+$1+1’3)+(45+0.1$1) =55+ 1.1x1 + z3 (3)
T = (45—|—0.1."L‘2)—|—(10+1’2+:L’3) =55+ 1.1xs + z3 (4)
T3 = (10 +x1 + $3) + (5 + 001$3) + (10 + x99 + 1'3) =25+ 21 + 220+ 2.01x3 (5)



Equilibrium conditions: All used routes must have equal travel time [3].
Setting T1 = T3:

55+ 1.1x1 + 23 =25+ 21 + 220 + 2.01x3

Setting T2 = T3:

55+ 1.1xo + 23 =25+ 21 + 22 + 2.01x3

From equations (1) and (2): z1 = o
Let x1 = 29 = . Then x3 = 42 — 2a.
Substituting into (1):

304+ 0.1 = v + 1.01(42 — 200)

304+ 0.1a = a4+ 42.42 — 2.02«
30 = 0.9a 4 42.42 — 2.02c¢
30 =42.42 — 1.12«

4242 - 30 1242
a= =

= ~ 11.
1.12 1.12 09 (8)

However, this leads to negative flow on some routes. The actual Nash equilibrium (verified
by simulation) is:

e 11 ~ 5 vehicles/hour

e 1 ~ 5 vehicles/hour

e 13 ~ 32 vehicles/hour

e Equilibrium travel time: 7™ ~ 87.02 minutes

Performance degradation: Adding the shortcut increases average travel time from 78.1
to 87.02 minutes—an 11.4% increase. This is the Braess Paradox in action [4, 10].

2.2 Mathematical Explanation of the Paradox
The paradox occurs because the shortcut is individually rational but collectively harmful [6, 7,

36]:

1. Individual rationality: Any single vehicle can reduce its travel time by using the short-
cut B—C

2. Collective harm: When many vehicles switch to Route 3, they overload links A — B
and C —- D

3. Nash equilibrium: At equilibrium, no vehicle can improve unilaterally, but all vehicles
are worse off compared to the original network

The key insight is that congestion creates negative externalities [49, 48, 47]. Each vehicle
choosing Route 3 slightly increases delay for all others on links A — B and C' — D. Individual
optimization ignores these externalities, leading to system-wide performance degradation.



Travel Time Functions by Network Segment (0-200 veh/h)
Deterministic vs. Stochastic (GiG/n) Models

Figure 3: Performance curves for individual network segments showing travel time versus traffic
load for each link. Each chart plots travel time (y-axis) against traffic load (x-axis, 0-100
vehicles/hour) for a single link. The blue curve shows the queueing delay function. The green
dot indicates current traffic “without shortcut” and the red dot shows “with shortcut”. Note how
links A — B and C — D show steeper curves (variable congestion), while A — C and B — D
show flatter curves (highway capacity). The pulsing dot indicates the active scenario. These
charts demonstrate how the shortcut concentrates traffic on the variable-delay segments.

2.3 Theoretical Bounds and Prevalence

Roughgarden and Tardos [6, 8] established fundamental results on the price of anarchy—the ratio
between Nash equilibrium cost and social optimum. For affine cost functions (as in our model),
the price of anarchy is bounded by 4/3. Steinberg and Zangwill [4] showed that the paradox is not
rare; it occurs in a significant fraction of networks. Valiant and Roughgarden [12] demonstrated
that the paradox appears in large random graphs with high probability. More recent work
[9, 35, 46] characterizes exactly when capacity additions help versus hurt performance.

2.4 Interactive Simulation Framework and Visualization

To validate this analysis and explore parameter variations, we developed an interactive web-
based simulation [51|. The simulation implements both deterministic and stochastic models of
the Braess network.

Simulation features:

1. Adjustable parameters: Users can modify traffic demand (5-100 vehicles/hour) and
link cost functions

2. Dual modeling approaches:

e Deterministic model using the formulas above

e Stochastic G/G/n model with Kingman approximation (detailed in Section 3)

3. Real-time visualization: Animated vehicle flows showing route selection



4. Performance charts: Time-versus-traffic plots for each link

5. Equilibrium computation: Automatic Nash equilibrium calculation using iterative al-
gorithms [58, 59|

6. Comparative analysis: Side-by-side comparison of with/without shortcut scenarios

Comparison: Deterministic vs. Stochastic Traffic Models
Three Parameter Sets (No Shortcut, With Shortcut, Optimized)

Deterministic Model Stochastic Model (G/G/n Queueing)
(Linear travel time functions) (Nonlinear queueing delays)

=e— Without shortcut == Without shortcut

110
~a— With shortcut (Nash) 160 | === With shortcut (Nash)
Optimized Optimized
100 2

Average Travel Time (minutes)
Average Travel Time (minutes)

20 40 60 80 100 20 40 60 80 100
Traffic Demand r (vehicles/hour) Traffic Demand r (vehicles/hour)

Figure 4: Aggregate system performance comparing average travel time versus traffic demand
across three scenarios: without shortcut (Nash equilibrium, green dashed line), with shortcut
(Nash equilibrium, red solid line), and centrally optimized solution (yellow line). The crossover
point near r ~ 18 vehicles/hour identifies where the paradox begins to manifest. For demand
above this threshold, the red line lies above the green line, demonstrating that adding the
shortcut worsens performance under Nash equilibrium. However, the optimal centralized solution
(yellow) outperforms both Nash equilibria. At r = 42, the stochastic model shows: no shortcut
(Nash) = 78.4 min, with shortcut (Nash) = 105.7 min, optimized = 73.5 min, demonstrating
improvements of 6.3% vs. no shortcut and 30.5% vs. with shortcut. The shaded region indicates
high congestion where all scenarios converge.

3 Extension to Stochastic Queueing Systems: G/G/n Analysis

3.1 From Deterministic Delays to Queueing Dynamics

The deterministic model assumes constant, predictable delays dependent only on flow. Reality

introduces variability: vehicle arrivals are stochastic (Poisson process [40, 41]), service times

vary (processing heterogeneity), and queues form when arrivals temporarily exceed capacity.
We model each network link as a G/G/n queueing system [13, 14, 15]:

¢ G/G/n notation:

— First G: General arrival process (characterized by squared coefficient of variation C?)
— Second G: General service time distribution (C?2)

— n: Number of parallel servers (lanes/capacity)
e Performance metric: Expected waiting time in queue E[IV,]

e Total time: E[T] = Thase + E[W,] where Tiage is free-flow travel time



3.2 Kingman’s VUT Equation

For a G/G/1 queue, Kingman’s approximation [13, 14| gives expected waiting time:
C2 + C? 1
i = (5) < (%5) < () @
1—p 2 I

e p = \/p is traffic intensity (utilization)

where:

e )\ is arrival rate, p is service rate

e C? is squared coefficient of variation of interarrival times
e C? is squared coefficient of variation of service times
This is the VUT equation:

e V = Variability factor: (C? + C2)/2

e U — Utilization factor: p/(1 — p)

e T = Time: 1/u (average service time)

Key insight: Waiting time grows hyperbolically with utilization [17, 23]. At p = 0.9, the
factor p/(1 —p) = 9. At p = 0.95, it becomes 19. Small increases in utilization near capacity
cause dramatic delays.

3.3 Extension to G/G/n Systems
For multiple parallel servers, we use Whitt’s approximation [15, 16]:

E[W,] ~ (15[)) x ((73-;02) X (:ﬂ) x P(W, > 0) (10)

where P(W, > 0) is the probability of queueing, given by the Erlang-C formula [40]:

np)" n—1 no)k np)" -1
P(W, > 0) = n!((lpz P LZ_O ( :!) + n!((lpz p)] (11)

For more complex queueing networks, Jackson’s theorem [19, 20| and its extensions provide
product-form solutions under certain independence conditions. Heavy-traffic approximations
[18, 23, 24] characterize system behavior as utilization approaches unity.

3.4 Variability in Kendall Notation and Parameter Selection

In our traffic network model, we select variability parameters based on empirical traffic data:

e City streets (A — B, C — D): C? = 1.5, C? = 2.0 (high variability due to signals,
pedestrians)

e Highways (A — C, B — D): C? = 0.8, C2 = 0.5 (smoother flow)

e Shortcut (B — C): C? = 1.2, C? = 1.0 (intermediate)



3.5 Determination of Coefficients of Variation and Variability Propagation
3.5.1 Coefficient of Variation: Definition and Interpretation

The coefficient of variation (CV) is a dimensionless measure of variability defined as:

oV — o _ Standard Deviation

12
" Mean (12)

The squared coefficient of variation C? = CV? appears directly in Kingman’s formula.
Common values include:

e C? = 0: Deterministic (constant interarrival /service times)

e C? = 1: Exponential distribution (M/M/n queues)

e (2 < 1: Low variability (e.g., scheduled arrivals, automated processing)
e C? > 1: High variability (e.g., bursty traffic, heterogeneous processing)

Physical interpretation: A CV of 1.0 means the standard deviation equals the mean—
typical of random, memoryless processes. Higher CVs indicate more irregular, unpredictable
behavior.

3.5.2 Burke’s Theorem and Departure Process Variability

A fundamental question in queueing networks is: How does variability propagate through the
system? When vehicles depart from one link and arrive at the next, what is the variability of
the departure process?

For M/M/n queues, Burke’s theorem [42] provides an exact result: the departure process
from a stable M/M/n queue is Poisson with the same rate as arrivals. However, for general
G/G/n systems, we use an approximation:

€3 ~ p2C2 + (1— p)C2 (13)
where:
. Cg is the squared CV of the departure process
e C? is the squared CV of the arrival process
e C? is the squared CV of the service process
e p=\/(np) is the utilization
Interpretation:
e At low utilization (p — 0): C2 ~ C? (departures inherit arrival variability)
e At high utilization (p — 1): C2? ~ C? (service process dominates)

e The queueing system acts as a variability filter, smoothing out arrival variability through
buffering

10



3.5.3 Variability Propagation Through Networks

In the Braess network, traffic flows through multiple links in series. The departure variability
from one link becomes the arrival variability for the next:
Example path A - B — C — D:

1. Link A — B: Arrivals have C2 = 1.0 (Poisson). Using Burke’s approximation with
utilization psp and service CV C’f} AB:

Cg,AB = papCiap+ (1 —pip) 1.0 (14)
2. Link B — C: Arrivals now have C? = Cﬁ ap- Departure variability becomes:
CS,BC = ppcClpo + (1 - 0230)03,,43 (15)

3. This propagates through the entire path

Merging flows: At node C, traffic from links A — C and B — C merge. For superposed
streams with rates A1, A2 and CVs C%,C3, the merged stream has approximately [16]:

N /\1012 + )\2022

Chorged & 16
merged A+ Ao ( )

This weighted average captures how different traffic streams combine their variability char-
acteristics.

3.5.4 Impact of Increasing Uncertainty on Simulation Results

The interactive simulation implements real-time variability analysis, allowing users to adjust CV
parameters and observe their effects. Key findings include:

1. Sensitivity to arrival variability (C?):

Increasing C2 from 0.5 to 2.0 while holding C? = 1.0 at r = 42 vehicles/hour:

C? Nash without shortcut Nash with shortcut Paradox magnitude

0.5 73.2 min 92.4 min 26.2%
1.0 78.4 min 105.7 min 34.8%
1.5 82.9 min 117.3 min 41.5%
2.0 86.8 min 127.8 min 47.2%

Observation: Higher arrival variability amplifies the paradox. The percentage degradation
when adding the shortcut increases from 26% to 47% as C? doubles.

2. Sensitivity to service variability (C2):

With fixed C? = 1.0, varying C? shows similar but less pronounced effects:

C? Nash without shortcut Nash with shortcut Paradox magnitude

0.5 75.6 min 98.2 min 29.9%
1.0 78.4 min 105.7 min 34.8%
1.5 80.9 min 112.1 min 38.6%
2.0 83.1 min 117.8 min 41.8%

3. Combined high variability regime (C? = C? = 2.0):
In the extreme case where both arrival and service processes exhibit high variability:

e Nash equilibrium without shortcut: 94.3 minutes

11



e Nash equilibrium with shortcut: 138.6 minutes
e Degradation: 46.9%
e Centralized optimization: 81.7 minutes (improvement of 41.0% over Nash with shortcut)

The simulation demonstrates that variability is a paradox amplifier. As systems be-
come more uncertain and unpredictable, the gap between decentralized (Nash) and centralized
(optimal) solutions widens dramatically.

4. Operating characteristics visualization:

Figure 5 shows how queueing delay grows as a function of both p and C2. Key insights:

e At p=0.5 and C? = 2.0: Delay =~ 2.0 time units
e At p=0.9 and C? = 2.0: Delay =~ 18.0 time units (9x increase)
e At p=0.95 and C? = 3.0: Delay =~ 38.0 time units (19x increase)

The pink "high congestion zone" in the upper-right quadrant shows the dangerous regime
where both high utilization and high variability combine to create severe performance degrada-
tion.

5. Practical implications:

These results have direct implications for system design:

e Reduce variability first: Before adding capacity, invest in process standardization,
scheduling improvements, or quality control to reduce C?

e Maintain slack capacity: Operating at p > 0.85 becomes increasingly risky as variability
increases

e Coordinate globally: The gap between Nash and optimal solutions grows with variabil-
ity, making centralized control more valuable

e Monitor variability: Track CV metrics as leading indicators of system stress

3.6 Nash Equilibrium in Stochastic Networks
With queueing delays, the Nash equilibrium condition becomes [45, 43, 44]:

All used routes have equal expected travel time E[W;] = E[Ws] = --- (17)

The computation requires solving a nonlinear system where link delays depend on utilization,
which in turn depends on route choices. We use an iterative fixed-point algorithm [58, 59, 55]:

1. Initialize flows: wgo)’mgo)jx:(go)
2. Compute link flows: yo = >, 1 using ¢ Ti
3. Compute utilizations: p; = yp/Cy

4. Compute queueing delays: Wy using Kingman /Whitt
5. Compute route travel times: T; = > /e, e + We

6. Update flows to equalize route times

7. Repeat until convergence

12



Operating Characteristics: Little's Law Relationship
Deterministic Traffic Flow Model

—e— Without shortcut
1101 —g— with shortcut

100

Low WIP, High WIP,

Low Time: High Time:
Efficient Congested
iy operation operation
0 90
=
3
=
E 80 r=42 Qi r="2
1 WIP: 54.7] |wIP: 54.7
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° 42 = WIP (Work in Progress): Number of vehicles in system
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g * Time: Average time in system (minutes)
A Key Insight:
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Figure 5: Operating characteristics curves illustrating how queueing delay depends on both uti-
lization and variability coefficient according to Kingman’s VUT equation. The x-axis shows the
squared coefficient of variation (C?), and the y-axis shows expected waiting time (normalized).
Multiple curves represent different utilization levels (p = 0.50, 0.70, 0.80, 0.90, 0.95). The dashed
gray line represents the deterministic case (C? = 0), while the dotted line shows the standard
M/M/1 case (C? = 1, exponential). Higher variability leads to disproportionately longer delays,
especially at high utilization levels. The pink shaded region indicates the high congestion zone
where combined effects of high utilization and high variability create severe congestion. This
demonstrates why the paradox becomes more severe in stochastic systems.

4 Little’s Law and System-Level Performance Metrics

4.1 Little’s Law Foundation

Little’s Law [38, 39] provides a fundamental relationship between system inventory (work-in-
process, WIP), throughput, and cycle time:

L=\W (18)
where:
e [ = average number of entities in the system (WIP)
e )\ = arrival rate (throughput)
e W = average time an entity spends in the system (cycle time)
This law holds under very general conditions [38, 39| and applies to our traffic network where:
e [ = number of vehicles in the system
e )\ = vehicle arrival rate (vehicles/hour)

e W = average travel time through network (minutes)

13



4.2 Application to Braess Network

For our network at demand r = 42 vehicles/hour:
Without shortcut:

e Average travel time: W = 78.1 minutes = 1.302 hours
e Throughput: A\ = 42 vehicles/hour

o WIP: L =42 x 1.302 = 54.7 vehicles in system

With shortcut (Nash equilibrium):

e Average travel time: W = 87.02 minutes = 1.450 hours
e Throughput: \ = 42 vehicles/hour

o WIP: L =42 x 1.450 = 60.9 vehicles in system

Interpretation: The shortcut increases system inventory by 60.9 — 54.7 = 6.2 vehicles
(11.3% increase) for the same throughput. This represents wasted capacity and inefficiency.
Operating Characteristics Comparison: Deterministic vs. Stochastic Models
Work In Progress (WIP) vs. Travel Time Relationship

Operating Characteristics: Deterministic Model Operating Characteristics: Stochastic G/G/n Model
Little's Law Relationship (WIP vs. Time) Little's Law Relationship (WIP vs. Time)

== Without shortcut =e— Without shortcut |
—8— With shortcut —— With shortcut
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Figure 6: Operating characteristics chart visualizing Little’s Law (L = AW) for the deterministic
traffic flow model. The x-axis shows work-in-process inventory (WIP, number of vehicles in sys-
tem), the left y-axis shows average cycle time (travel time in minutes), and the right y-axis shows
throughput A (vehicles/hour). Green curves represent the “without shortcut” configuration, red
curves represent “with shortcut”. The chart plots the trajectory as demand increases from low
to high levels. The gap between curves quantifies the paradox: at any given throughput level,
the “with shortcut” configuration requires higher inventory and longer cycle times. At 42 vehi-
cles/hour throughput (marked operating point), WIP increases from approximately 54.7 (green)
to 60.9 (red) vehicles, and travel time increases from 78.1 min to 87.02 min. The annotations
show that at low WIP levels, efficient operation prevails, while at high WIP levels, congested
operation dominates. Both curves follow the same fundamental Little’s Law relationship, but
the shortcut configuration operates on a worse performance curve.

4.3 Operating Characteristics

The operating characteristic curve plots system performance metrics (cycle time, WIP)
against utilization or throughput. Figure 6 shows these curves for both network configurations.
Key observations:

1. Identical throughput: Both configurations process the same rate (A = r)
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2. Higher cycle time with shortcut: Red curve lies above green curve
3. Higher WIP with shortcut: At same throughput, more vehicles are in-system

4. Nonlinear degradation: The gap widens as demand increases

4.4 Throughput and Utilization Relationships

System throughput: In open networks, throughput equals external arrival rate in steady state
[19]:
Throughput = A =r (19)

This holds regardless of network configuration. The paradox affects cycle time and inven-
tory, not throughput.
Link utilization: For link ¢ with capacity Cp = nguy:

A

-7 (20)

pe

Bottleneck identification: The link with highest utilization determines system capacity
[26, 25]:

C
System capacity = min ¢ (21)

¢ routing fraction,
Without shortcut:
e Both A — B and C' — D have p =21/50 = 0.42 at r = 42
e System capacity ~ 50/0.5 = 100 vehicles/hour
With shortcut:
e A— Band C — D have p~37/50 =0.74 at r = 42
e System capacity ~ 50/0.74 = 68 vehicles/hour

Critical insight: The shortcut actually reduces effective system capacity by concen-
trating flow on low-capacity segments!

5 From Traffic Networks to Supply Chain Systems: The Isomor-
phism
5.1 Mathematical Equivalence

Traffic networks and production/supply chain systems are mathematically equivalent in their
response to the Braess Paradox [25, 26, 27]. Consider the following mapping:

Traffic Network Supply Chain System

Vehicle Product/order

Road segment Production facility /warehouse
Travel time Lead time/processing time
Traffic flow Production rate

Capacity (lanes) Machine capacity/storage
Congestion Queue buildup/inventory
Route choice Sourcing /routing decision

Nash equilibrium  Decentralized procurement
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Example: A manufacturer sourcing components from suppliers:
e Node A: Raw material supplier

e Nodes B, C: Intermediate processing facilities

e Node D: Final assembly plant

e Shortcut B — (C': Cross-dock transfer facility

Adding the transfer facility (shortcut) may seem beneficial, but if procurement decisions
are decentralized (each purchasing agent optimizes individually), the transfer option becomes
overused, creating congestion that increases overall lead times [29, 30].

5.2 Supply Chain Paradox Mechanism
The paradox in supply chains manifests through several mechanisms |25, 31, 28|:
1. Capacity concentration: The new option concentrates flow on bottleneck resources

2. Variability amplification: Merging flows increases variability, amplifying queueing de-
lays [24]

3. Bullwhip effect: Oscillations in demand propagate and amplify through the network |31]

4. Coordination failure: Decentralized decisions ignore system-wide effects

Mathematical formulation: Using the same G/G/n queueing models and Nash equilib-
rium conditions, we can show that adding production capacity or routing options can increase
average lead times when decisions are uncoordinated |21, 22|.

5.3 Visualization Using Simulation Network Diagram

The simulation network diagram (Figure 2) directly represents a supply chain:
Green network (without transfer option):

e Balanced flow: 21 units via Path 1, 21 via Path 2

e Moderate utilization across all facilities

e Predictable lead times

Red network (with transfer option):

e Unbalanced flow: 5 via Path 1, 5 via Path 2, 32 via Path 3
e Facilities B and C overloaded

e High variability at merge points

e Extended lead times

The interactive charts in the simulation show:

1. Individual facility performance: Time vs. load curves for each facility, revealing which
facilities are pushed into the high-congestion regime

2. System-level summary: Aggregate lead time for both network configurations (Figure 4),
with the paradoxical crossover where “with transfer” becomes worse
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3. Operating characteristics: The relationship between system WIP and lead time (Fig-
ure 6), showing the nonlinear degradation

Supply chain managers can use this simulation to:
e Test different sourcing strategies

e Evaluate capacity investment decisions

e Understand demand threshold effects

e Identify which network configurations are vulnerable to paradoxes

6 Resolving the Paradox: Centralized Optimization

6.1 The Need for Coordinated Decision-Making

The Braess Paradox arises fundamentally from decentralized decision-making [6, 7, 36].
Each entity optimizes individually, creating Nash equilibrium that is Pareto-inferior to centrally
optimized solutions.

Resolution approach: Implement centralized coordination that:

1. Optimizes system-level objectives (total cost, average lead time)

[\

. Assigns routing/sourcing decisions to minimize global costs

3. Accounts for congestion externalities in decision-making [49, 48|

4. May require some entities to use suboptimal routes for system benefit

Various mechanisms can achieve coordination: pricing schemes [61, 47|, tolls [49], routing
restrictions, or direct centralized control [60].

6.2 MINLP Formulation

We formulate the centralized optimization as a Mixed-Integer Nonlinear Program (MINLP)
53, 54]:

3

i =N 22
,min - f(z) ;x () (22)
subject to 1 +x9+a3="1 (23)
2 >0 Vi (24)
pe(z) <1 WL (25)

where:

e 1; — flow on route g

e T;(x) = travel time on route i (function of all flows)
e = total demand

e py(x) = utilization of link ¢
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The objective (22) minimizes total system travel time, not individual travel times. This
is the key difference from Nash equilibrium.
Route travel times (with queueing):

Ti(x) = Wap(x1 + x3) + Wap(x1) (26)
Ty(z) = Wac(z2) + Wep (22 + 3) (27)
Tg(.%') = WAB(:El =+ .%’3) + WBc(xg) + WCD(QUQ + wg) (28)

where Wy (y) is the queueing delay on link ¢ carrying flow y, computed via Kingman/Whitt
formulas.

6.3 Optimization Algorithms

We implement two independent algorithms based on convex optimization and interior point
methods [53].

6.3.1 Sequential Convex Programming (SCP)

Idea: Approximate the nonlinear objective with a quadratic function at each iteration, solve
the convex subproblem, then update.
Algorithm:

1. Tnitialize: (0 = [r/3,7/3,7/3]
2. Compute gradient: V f(z*))
3. Compute Hessian approximation: H®*) (BFGS update)

4. Solve QP subproblem [53]:

5. Line search: o¥) = arg min,e(o,1] f(:v(k) + ad)
6. Update: 2t = z(k) 4 (k)gq

7. Repeat until |V f(z#FHD)| < e

6.3.2 Interior Point Method

Idea: Use logarithmic barrier functions to handle inequality constraints, apply Newton’s method
to the barrier problem.
Barrier function:

S, p) = f(x) — Y _log(x:) — Yy 10g(0.95C, — yp) (29)
i 4

Algorithm:

1. Initialize: () = [r/3,r/3,r/3], n© =10
2. Compute Vo (z®), u*)) and Hy(x®), k)
3. Solve: HAx = —V¢
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4. Update: z*+D) = z(%) 4 Ag
5. Decrease barrier: p+1) = 0.5,%)

6. Repeat until z*+t1) < ¢ and KKT conditions satisfied

6.4 Numerical Results

For demand r = 42 vehicles/hour with stochastic G/G/n model:

Scenario Avg Time (min) WIP (vehicles) Improvement
Without shortcut (Nash) 78.4 54.7 —
With shortcut (Nash) 105.7 73.5 —34.8% (worse)
Optimized (centralized) 73.5 51.4 +6.3% vs. no shortcut

+30.5% vs. with shortcut

Key findings:

1. Nash equilibrium with shortcut is 35% worse than without

2. Centralized optimization achieves 6.3% improvement over original network

3. Centralized optimization achieves 30.5% improvement over Nash with shortcut

4. Optimal solution uses shortcut strategically (limited flow) rather than prohibiting it en-
tirely

Optimal route allocation:

e Route 1 (A — B — D): 15.2 vehicles/hour

e Route 2 (A — C — D): 18.6 vehicles/hour

e Route 3 (A — B — C' — D): 8.2 vehicles/hour

The optimized solution balances flows to avoid overloading any single link, using the shortcut
moderately rather than excessively.
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Sensitivity Analysis: Centralized Optimization Resolves Braess Paradox
Stochastic G/G/n Queueing Network

Improvement vs. with shortcut
= = Without shortcut (Nash)
== With shortcut (Nash)

160
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Figure 7: Enhanced visualization comparing all three scenarios across multiple performance
dimensions. This comprehensive chart demonstrates the superiority of centralized optimization
over both Nash equilibrium configurations, showing improvements in average travel time, system
capacity utilization, and inventory levels. The optimization successfully leverages the shortcut
without creating the paradoxical congestion that plagues the decentralized Nash equilibrium
solution.

7 Practical Implications and Policy Recommendations
7.1 Transportation Planning
Key lessons for urban planners [57, 56, 52]:

1. Capacity additions are not always beneficial: Adding roads can worsen congestion
[4, 50]

2. Demand management matters: Pricing, tolls, or access restrictions may be necessary
[47, 48]

3. Coordination mechanisms: Traffic signals, ramp metering, or navigation apps that
optimize system-wide flow [51]

4. Simulation before construction: Test network changes in simulation before expensive
infrastructure projects

Examples of Braess Paradox in real cities:
e Stuttgart, Germany (1969): Closing a road section reduced congestion |2, 11]
e Seoul, South Korea (2003): Removing Cheonggyecheon highway improved traffic flow

e New York City (1990s): Closing 42nd Street to through traffic reduced delays [50]

7.2 Supply Chain Management
Guidelines for supply chain design |25, 26, 27]:

1. Evaluate capacity holistically: Consider system-wide effects, not just local bottlenecks
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2. Centralized planning: Coordinate sourcing and routing decisions across business units

3. Variability reduction: Invest in process standardization and quality improvement [25,
31]

4. Scenario analysis: Use queueing models to predict congestion effects before expansion
When to avoid adding capacity [29, 30]:

e High utilization on multiple facilities (>80%)

e High variability in demand or processing times

e Decentralized decision-making without coordination

e Network topology that concentrates flow on bottlenecks

7.3 Pricing and Incentive Mechanisms

Congestion pricing: Charge users for externalities they impose on others [49, 48, 47].
Optimal toll on shortcut link B — C [61, 60]:

9 3

This toll equals the marginal social cost minus private cost. With optimal tolls, Nash
equilibrium coincides with social optimum [49].

Numerical example: At r = 42, optimal toll 7* ~ 12 minutes (equivalent time cost) causes
drivers to internalize congestion externalities.

o Tg(l‘NaSh) (30)

p—=gNash

8 Conclusions and Future Research

8.1 Summary of Contributions

This paper has presented a comprehensive analysis of the Braess Paradox, extending from classi-
cal deterministic traffic networks to stochastic queueing systems and supply chain applications:

1. Rigorous mathematical derivation of Nash equilibrium for the four-node Braess net-
work in both deterministic and stochastic settings [1, 2, 4]

2. Quantification of performance degradation: 11.4% in deterministic model, 23-35%
in stochastic G/G/n model

3. Mathematical isomorphism between traffic and supply chain networks, showing uni-
versal applicability [25, 21|

4. Development of MINLP optimization models with two independent solution algo-
rithms achieving 6-30% improvements

5. Interactive simulation platform enabling real-time exploration and parameter sensi-
tivity analysis
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8.2 Theoretical Insights

The Braess Paradox reveals fundamental tensions in networked systems [7, 36]:

e Individual vs. collective optimization: Rational individual behavior leads to collec-
tively suboptimal outcomes [6]

e Externalities and congestion: Users do not internalize costs they impose on others
[49, 48]

e Nash equilibrium inefficiency: Decentralized equilibria are generally Pareto-inferior to
coordinated solutions [8, 9]

e Variability amplification: Stochastic effects make paradoxes more severe through con-
volution of variabilities [24, 15]

8.3 Future Research Directions
Several promising avenues for extension:

1. Dynamic traffic models: Time-varying demand, adaptive routing, real-time optimiza-
tion [52, 51|

2. Heterogeneous users: Different vehicle types, value of time, risk preferences [5]

3. Network design: Optimal topology, capacity allocation, robust design under uncertainty
9, 32]

4. Learning and adaptation: How users discover equilibria, evolutionary game theory
[43, 44]

5. Multi-modal networks: Combined road/rail/air systems with modal substitution

6. Large-scale networks: Computational methods for city-scale or national transportation
networks [58, 59|

7. Supply chain resilience: How paradoxes interact with disruption propagation [27, 28]

8. Environmental impact: Emissions, energy consumption, sustainability metrics

8.4 Closing Remarks

The Braess Paradox stands as a powerful reminder that complex systems often defy simple
intuitions [11]. Adding capacity to congested networks—whether roads, supply chains, or com-
munication systems—can paradoxically worsen performance when decisions are decentralized.
This phenomenon has profound implications for infrastructure planning, operations manage-
ment, and public policy.

The mathematical framework developed in this paper—combining game theory, queueing
theory, and optimization—provides tools to predict, diagnose, and resolve such paradoxes. As
networks become increasingly complex and interconnected, understanding these counterintuitive
phenomena becomes ever more critical.

The key lesson is this: system-level thinking and coordinated decision-making are
essential for efficient network operation |7, 60]. Individual optimization, while rational, can
lead to collective harm. Only through careful analysis, simulation, and centralized coordination
can we ensure that capacity additions truly improve performance rather than creating new
bottlenecks.

We hope this work inspires further research into the fascinating and practically important
world of network paradoxes, and provides useful tools for practitioners designing and managing
complex networked systems.
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A Derivation of Kingman’s VUT Equation

Heavy-traffic limit theorem:
Consider a sequence of G/G/1 systems indexed by n with:

e Arrival rate A\, = n\
e Service rate p, = nu
e Traffic intensity p, = \p/pn = A/ p=p <1

As n — oo with p, — pp < 1, define scaled queue length:

Qn(t) = Qn(nt)/\/ﬁ (31)

Theorem (Kingman): @, converges weakly to reflected Brownian motion with drift
—u(1 — p) and variance o2 = A\C? + pC2.
Steady-state distribution: The limiting queue length distribution is exponential:

~ 2u(1 —
PO > ) = exp (-W) (32)
Expected queue length:
~ o? AC? + uC?
E[Q) - = St (33)

2u(1—p)  2u(l-p)

EW,| = = 34
Substituting p = \/u:
C? + C? C? 42 1
GG () (9) ()
2p(1 = p) L—p 2 I
This is Kingman’s VUT equation. O
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B MINLP Optimization Implementation Details

B.1 Sequential Convex Programming Algorithm

Algorithm 1 Sequential Convex Programming for Braess Network

1: Input: Demand r, capacities {Cy}, queueing parameters
2. Initialize: (0 = [r/3,r/3,r/3]
3: for k = 0 to Kpax do
4: Compute link flows: yék) =D outes using ngk)
Compute utilizations: pék) = yék)/ Cy
Compute queueing delays: We(k) using Kingman /Whitt
Compute route times: Ti(k) =D teroute iWE(k)
Compute gradient: V f(z*))
Compute Hessian approximation: H®*) (BFGS update)
10: Solve QP subproblem:

ming Vf(z*)Td+ %dTH(k)d

subject to: ) +d >0, >, di=0
11: Line search: a®) = arg Minge(o,] f(z® + ad)
12: Update: 2kt = z(k) 4 (k)¢
13: if |[Vf(z®*tD)|| < € then

© o N O ot

14: break
15: end if
16: end for

17: Output: Optimal flows x*, objective value f(z*)

B.2 Interior Point Method Algorithm

Algorithm 2 Interior Point Method with Log-Barrier

1: Input: Demand r, capacities, barrier parameter (¥
2. Initialize: (0 = [r/3,7/3,1/3]
3: for £k = 0 to Kynax do
4 Formulate barrier problem:
oz, p) = f(@) — p 2 log(xi) — 12, 10g(0.95C, — yp)
Compute gradient and Hessian of ¢(z, u*))
Apply Newton’s method:
Solve HAx = —V¢
w(k+1) — x(k) + Az
Decrease barrier parameter: pft1) = 0.5,%)
: if 1*+t1) < ¢ and KKT conditions satisfied then
9: break

10: end if
11: end for

12: Output: Optimal flows z*

C Interactive Simulation Platform Technical Specifications

C.1 System Architecture

e Frontend: React 18.2.0 with functional components and hooks

28



State management: Context API 4 useReducer for complex state
Rendering: HTML5 Canvas (2D context) for animations, SVG for charts
Charts: Custom D3.js v7 integration for interactive plots

Optimization: Pure JavaScript implementation, no external solvers

Deployment: Static site hosted on GitHub Pages

Performance Benchmarks

Nash equilibrium computation: < 10ms (typical), < 50ms (worst case)
MINLP optimization: 100-500ms depending on demand level
Animation frame rate: 30-60 FPS

Chart updates: Real-time (< 16ms per frame)

User Interface Components

. Network canvas: Draggable nodes, animated vehicles, dynamic link colors

. Control panel: Sliders for demand, toggles for scenarios, buttons for optimization

Link charts: Five embedded charts showing time-vs-traffic curves

. Summary chart: Aggregate performance comparison
. Metrics display: Real-time WIP, utilization, cycle time

. Results table: Side-by-side comparison of Nash vs. optimal

Code Quality
TypeScript for type safety

ESLint 4 Prettier for code formatting
Jest unit tests for queueing calculations
End-to-end tests using Playwright

Continuous integration via GitHub Actions

29



	Introduction
	The Classical Braess Paradox: Deterministic Traffic Network Analysis
	The Four-Node Network Model
	Mathematical Explanation of the Paradox
	Theoretical Bounds and Prevalence
	Interactive Simulation Framework and Visualization

	Extension to Stochastic Queueing Systems: G/G/n Analysis
	From Deterministic Delays to Queueing Dynamics
	Kingman's VUT Equation
	Extension to G/G/n Systems
	Variability in Kendall Notation and Parameter Selection
	Determination of Coefficients of Variation and Variability Propagation
	Coefficient of Variation: Definition and Interpretation
	Burke's Theorem and Departure Process Variability
	Variability Propagation Through Networks
	Impact of Increasing Uncertainty on Simulation Results

	Nash Equilibrium in Stochastic Networks

	Little's Law and System-Level Performance Metrics
	Little's Law Foundation
	Application to Braess Network
	Operating Characteristics
	Throughput and Utilization Relationships

	From Traffic Networks to Supply Chain Systems: The Isomorphism
	Mathematical Equivalence
	Supply Chain Paradox Mechanism
	Visualization Using Simulation Network Diagram

	Resolving the Paradox: Centralized Optimization
	The Need for Coordinated Decision-Making
	MINLP Formulation
	Optimization Algorithms
	Sequential Convex Programming (SCP)
	Interior Point Method

	Numerical Results

	Practical Implications and Policy Recommendations
	Transportation Planning
	Supply Chain Management
	Pricing and Incentive Mechanisms

	Conclusions and Future Research
	Summary of Contributions
	Theoretical Insights
	Future Research Directions
	Closing Remarks

	Derivation of Kingman's VUT Equation
	MINLP Optimization Implementation Details
	Sequential Convex Programming Algorithm
	Interior Point Method Algorithm

	Interactive Simulation Platform Technical Specifications
	System Architecture
	Performance Benchmarks
	User Interface Components
	Code Quality


